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1. Introduction
A recent supersymmetric analysis of the
supergravity{superbrane interaction [1,2] in
which supergravity is described by its group
manifold action (not as a background), as well
as other related models [3{5], makes desirable a
reexamination of the ro^le of local supersymmetry
and, more generally, of the gauge symmetries in
supergravity models.
We present here a detailed account of local
symmetries, beginning in Sec.2 by the dierential
forms formulation of D{dimensional general rela-
tivity. We describe in Sec.3 the complete set of its
spacetime gauge symmetries, including dieomor-
phism invariance whose discussion, together with
general coordinate transformations, becomes es-
pecially relevant when the interacting system of
(super)gravity and (super{p{)brane is considered.
This is so because in the super{p{brane action the
spacetime variables play a dynamical ro^le.
We explain how the presence of dieomorphism
invariance provides the possibility of presenting
the general coordinate invariance in an equiva-
lent form, its ‘variational version’, which does not
act on the spacetime coordinates (see [6] for the
D = 4 N = 1 supereld supergravity case). In
Sec. 4 we consider the second Noether theorem
for general relativity. Then, in Sec. 5, we de-
scribe the general structure of the action for the
standard, component formulation of supergravity,
its local symmetries and their associated Noether
identities.
Sec. 6 is devoted to the superspace general co-
ordinate symmetry and other gauge symmetries
for the on{shell supereld formulation of super-
gravity, where supergravity is described by the set
of constraints on the superspace torsion, which
imply dynamical equations. We apply this knowl-
edge in Sec.7 to uncover the relation between the
local supersymmetry and the {symmetry of the
supermembrane in a D = 11 supereld super-
gravity background.
2. D–dimensional General Relativity in
differential form
D{dimensional gravity models can be formu-
lated in terms of the moving frame or vielbein
elds e a (x) (tetrad in D = 4), which determine
2the vielbein one{forms on spacetime MD,
ea(x) = dxe a (x) : (1)
A change of frame is given by a matrix of the local
SO(1; D − 1) group,
ea(x) ! ea0(x) = eb(x)ba(x) ;
accdbd = ab = diag(1;−1; : : : ;−1) : (2)
This local Lorentz symmetry is the rst gauge
symmetry of gravity theory to be noted. Its in-
nitesimal form is
Lx
 = 0 ; Lea(x) = eb(x)Lba(x) ;
Lab(x) = −Lba(x) ; (3)
where ba(x) = ba + Lba(x) +O(L2). It is con-
venient to introduce the spin connection
wab(x) = dxwab (x) = −wba(x) ; (4)
with the transformation rule wab(x) ! wab0(x) =
(−1(x)d(x))ab + (−1(x)w(x)(x))ab , or
Lw
ab(x) = DLab  dLab − 2L[ajcwcjb] : (5)
The spin connection can be either expressed from
the beginning through the vielbein eld by im-
posing the covariant torsion constraint
T a := Dea  dea − eb ^ w ab = 0 (6)
(second order approach), or treated as an inde-
pendent variable in the action principle (rst or-
der approach). In both cases the dynamics is
determined by the Einstein–Hilbert (EH) action,
which can be written in terms of dierential forms




ab ^ e^(D−2)ab ; (7)
where e^(D−q)a1:::aq  1(D−q)!"a1:::aqb1:::bD−q eb1 ^ : : : ^
ebD−q and Rab is the Riemann curvature,
Rab = dwab − wac ^ w bc =
= 12dx
 ^ dxRab  12ed ^ ecRcdab : (8)




























M(D−1)a := Rbc ^ e^(D−3)abc  dx^(D−1) Ma ;
Ma / (Rcacb − 12abRcdcd) eb(x) ; (10)
is the Einstein tensor as a (D − 1){form.
The ea variation produces the free Einstein
equation
M(D−1)a = 0 , Rcacb − 12abRcdcd = 0 : (11)




= 0 ) e^(D−3)abc ^ T c = 0
) T c  12eb ^ eaTabc = 0 : (12)
In the second order approach, the torsion con-
straint (6) is imposed ab initio, so that
SD;GjT a=0 = −(−1)D
∫
MD M(D−1)a ^ ea : (13)
Thus, varying the EH action one can ignore the
dependence of the spin connection on the vielbein
(see [12] and refs. therein).
3. Gauge symmetries of General Relativity
3.1. Diffeomorphism invariance
All the above formalism is written in terms of
dierential forms on spacetime. Clearly, these are
invariant under an arbitrary change of local co-
ordinates i.e., they are MD{dieomorphisms in-
variant
x 7! x0 = x + diffx  x + b(x) ; (14)
ea(x) 7! e0a(x0) = ea(x) ; etc. (15)
In eld theory analyses, where only elds, such
as ea(x), are considered as dynamical variables,
this obvious invariance can be ignored in favour of
general coordinate symmetry (see below). How-
ever, when the coupled system of (super)gravity
and (super)brane is considered in the framework
of an action principle (see [1,2]) the set of dynam-
ical variables includes, besides the elds ea(x)
etc., the local coordinate functions x^() dened
by the map ^ : W p+1 7! MD, where W p+1
is the worldvolume with local coordinates i =
(; 1; : : : ; p). This suggests adopting a eld{
space democracy approach [10] where the elds
(ea(x) etc.) and the spacetime coordinates x

are treated on equal footing.
33.2. General coordinate symmetry and its
‘variational version’
Besides being local Lorentz and dieomor-
phism invariant, the EH action (7) is invariant
under general coordinate transformations as we
discuss below.
To derive the equations of motion for a eld
theory from the variational principle, as e.g. eq.
(11) for general relativity, one uses arbitrary vari-
ations of the elds only, e.g. 0ea(x), so that
0x = 0 ; 0ea(x) = dx0ea(x) : (16)
On the other hand, a general variation ea(x) is
ea(x)  0ea(x) + xea(x) ; (17)
where x denotes the variation due to the change
x ! x0 = x + x. The x variation is given by
the Lie derivative Lx = dix+ixd. For instance,
xe
a(x) := ea(x + x)− ea(x) =
= Lxea(x) = dixea(x) + ixdea(x) =
= D(ixea(x)) + ixT a(x) + eb ixwba ; (18)
where
ixe
a = xea(x) ; ixw
ab = xwab (x) ;
ixT
a(x) = ebixecTcba(x) ; (19)
the last term in (18), ebixwba = eb xwba(x),
is the local Lorentz rotation induced by x.
In the above notation, dieomorphism invari-
ance ((14), (15)) can be formulated as a symme-
try under the transformations
diffx
 = b(x) ; (20)
diffe
a(x) = 0diffe
a(x) + Lbea(x) = 0 : (21)
Thus, 0diffe
a
(x) is dened by −(Lbea), i.e.
0diffe
a(x) = −Lbea ; (22)
and diffSD;G = 0 follows as an evident conse-
quence of (13) and (21).
In contrast, general coordinate transformations
or local translations are dened as arbitrary dis-
placements of the spacetime points,
x 7! x0 = x + gcx  x + t(x) (23)
(cf. (20)) which induce dierential forms trans-
formations as e.g.
ea(x) 7! ea(x0) = ea(x+ gcx)  ea(x+ t) ; (24)
i.e.,
gce
a(x) = xea(x)  tea(x) = Ltea(x) =
= D(ta(x)) + itT a(x) + eb itwba (25)
(as in (18)) where ta(x) = itea(x)  t(x)ea(x) .
Consider a D{form LD on MD, involving the ^
product of forms, their exterior derivatives and,
possibly, the  Hodge operator. Then LD(x) 7!
LD(x0) = LD(x + t), and
gcLD = LbLD = (itd+ dit)LD = d(itLD) ; (26)




LD is general coordinate invariant. In
particular, the EH action (7) possesses this in-
variance.
Thus, one may look at diff and gc, respec-
tively, as passive and active forms of the same
spacetime coordinates transformations, unaect-
ing any theory dened through an integral of aD{
form LD on MD. This picture changes when the
action of a p{brane, which is given by an integral∫
W p+1 L^p+1 on the (p+ 1){dimensional worldvol-








W p+1 L^p+1 will still
possess spacetime dieomorphism invariance pro-
vided L^p+1 is formulated in terms of pull{backs
of spacetime dierential forms (so that eq. (14)
implies x^() 7! x^0() = x^() + b(x^()) ), but
it will not be spacetime general coordinate invari-
ant, since such an invariance means equivalence
between dierent spacetime points, and points on
the brane are not equivalent to points outside it.
Let us go back to the pure gravity case. On
account of dieomorphism invariance, one can use
equivalently (rather than gc(t), eqs. (23){(25)),
gc(t) followed by a dieomorphism (eqs. (20),
(22)) with b(x) = −t(x), diff (b = −t). As we
are dealing with a local Lorentz invariant theory,
we may also add a local Lorentz transformation
with parameter Lab = −itwab and get
~gc(ta) := gc(t) + diff (b = −t) +
+ gc(Lab = −itwab) : (27)
4This ~gc(ta) will be called, following [6], the ‘vari-
ational version’ of the general coordinate trans-
formation gc(ta). Indeed, it does not act on x,
~gcx := 0 ; (28)
so that, e.g. (eqs. (16), (25)),
~gcea(x) := Dta + ectbTbca(x) = ~0gcea(x) : (29)
Thus ~gc provides the complete general co-
ordinate variation of a dierential form, e.g.
gce
a(x) = ~gcea(x), as a result of the eld varia-
tion ~0gc only.
In the second order approach, where T a = 0,
the ~gc transformations (29) simplify and acquire
the characteristic form of a gauge eld transfor-
mation,
~gcea(x)jT a=0 = Dta : (30)
This provides the possibility of treating gravity
as a gauge theory of local translations in their
variational form ~gc (see [9] for early discussions
of gravity as a gauge theory).
Note, nally, that since the above D{form LD
is dieomorphism invariant and gcS = 0 by (26),
it follows directly from (27) that ~gcS = 0 also.
4. Second Noether theorem applied to
General Relativity
The invariance of the EH action (7) under





DM(D−1)a ta(x) = 0 ;(31)
follows from the fact that the Bianchi identity
DRab  0 and the torsion constraint (6) imply
DM(D−1)a  0 (32)
(for simplicity, we use in this section the second
order approach). This is the so{called Noether
identity (NI) which reflects the presence of a
gauge symmetry, here the symmetry under ~gc.
In general, the second Noether theorem states
that any gauge symmetries, gaugeS = 0, given
by transformation rules that involve the deriva-
tives of the local parameter up to k-th order, are
in one{to{one correspondence with their associ-
ated NIs, i.e. with identically satised relations
between the (l.h. sides of the) Lagrangian equa-
tions of motion and their derivatives up to k-th
order.
To discuss also diff and gc in this frame-
work, consider the second order approach to D{
dimensional general relativity in a eld{space
democracy context [10], where coordinates and
elds are treated on the same footing. Then, the
dynamical variables are the vielbein eld ea(x)
and the spacetime coordinate x. Their La-
grangian equations are
N = 0 ; N := Sxµ and (33)
Ma = 0 ; M

a := −(−1)D Seaµ(x) ; (34)
where Ma denes the dierential D{form
M(D−1)a, eq. (10).
To nd an explicit expression for N one uses






^ (0ea(x) + xea(x)) : (35)
The Einstein equation (34) now follows from the
0ea(x) variation, while the x variation entering
xe
a(x) = D(ixea(x))+eb ixwba (eq. (18) with
T a = 0) results in eq. (33) with N dened by
dDxN = (−1)DDM(D−1)a ea −
− (−1)DM(D−1)a ^ ebwba : (36)
The variational version of the general coordi-
nate transformations ~gc, (28){(30), as well as the
local Lorentz transformations L, (3), do not act
on the spacetime coordinates. As a result, the NIs
reflecting the invariance under ~gc and L only in-
volve the l.h. side of eq. (10) (eqs. (34))
~gcSD;G = 0 , DM(D−1)a  0 ; (37)
~LSD;G = 0 , M(D−1)[a ^ eb]  0 : (38)
In contrast, for the general coordinate symme-
try in its original form gc, (23), (24), the ba-
sic transformations are arbitrary changes of the
spacetime points, eq. (23). Thus,
gcSD;G = 0 , N := Sxµ  0 : (39)
5Using eq. (36) together with (37) and (38) one
nds that the identity (39) holds indeed.
It might look strange that two equivalent for-
mulations of the same general coordinate symme-
try, ~gc and gc, have dierent NIs. The reason is
simple: a linear combination of these NIs repro-
duces the NI for dieomorphism invariance diff ,
(20), (21) (or, equivalently (14), (15)). Indeed,
the explicit form of N (36) actually provides us
with such NI
diffS = 0 , dDxN − (−1)D 
(DM(D−1)aea −M(D−1)a ^ eb wba)  0 : (40)
As the two terms inside the brackets are identi-
cally equal to zero due to the NIs for ~gc and L,
(eqs. (37) and (38)) the NI (40) implies (39) and
viceversa. This translates the denition of ~gc in
eq. (27) to the language of the second Noether
theorem.
5. D–dimensional supergravity
5.1. Local supersymmetry and supergrav-
ity
Supergravity (see e.g. [12] and refs. therein)
is the gravity theory invariant under local super-
symmetry ls. This is a local symmetry involving
a fermionic (Grassmann) spinor parameter (x),
(  = 1; : : : n is a D{dimensional Lorentz spinor
index, n =dim(Spin(1; D − 1)). Hence ls()
mixes the graviton eld, i.e. the vielbein ea(x),
with a fermionic eld, the gravitino or Rarita{
Schwinger eld  (x). Specically,
lse
a
(x) = −2i (x)Γa(x) : (41)
Using the fermionic one{form e(x),
e(x) := dx  (x) = ea 

a (x) ; (42)
eq. (41) reads
lse
a(x) = −2ie(x)Γa(x) ; (43)
The vector{spinor gravitino eld has the proper
index structure to be the gauge eld for local su-
persymmetry. Thus it is natural to assume that
ls 

 (x) = D(x) ; (44)
or, equivalently
lse
(x) = D(x) : (45)
The guess (44) or (45) is supported by the fact
that the linearized form 0ls of (45),
0lse
(x) = d(x) ; 0ls 

(x) = @(x) ; (46)
is an evident symmetry of the free D{dimensional
Rarita{Schwinger (RS) action on flat spacetime
SRSD = − 2i3
∫
RD de
 ^ e ^ (dx)^(D−3) Γ
/ ∫ dDx Γ @  : (47)
The rst candidate for a locally supersymmet-
ric action is the sum of the free EH action (7) and
the RS action (47) ‘covariantized’ with respect to










L2D = Rab ^ e^(D−2)ab ; (49)
L3=2D = − 2i3 De ^ e ^ e^(D−3)abc Γabc : (50)
For D = 4, N = 1, S2+3=2D is indeed locally su-
persymmetric under (43), (45) and provides the





5.2. General structure of the supergravity
action and equations of motion
In higher dimensions (in particular, in D =
10; 11) the supergravity multiplet involves a set
of antisymmetric tensor gauge elds C1:::q(x)
described by dierential forms
Cq  1q!dxq ^ : : : ^ dx1C1:::q(x) ; (52)
(C3 for D = 11; C2, C4 and B2 in D = 10 type
IIB, C1, C3 and B2 in D = 10 type IIA, etc.)
and, in 4 < D < 11, scalar elds (e.g. dilaton
 in D = 10 type IIA and IIB and axion C0 in
D = 10 type IIB) and spinors. Thus, in general
SSG;D =
∫
MD (L2D + L3=2D + LD1) ; (53)
LD1 includes, in particular, the kinetic term for
the q{form gauge elds
/ ∫ dDxdet(ea)H1:::q+1H1:::q+1 + : : : ; (54)
6where
Hq+1 := dCq − c1e ^ e ^ Γ(q−1) (55)
= 1(q+1)!dx
q+1 ^ dx1H1:::q+1 (x) ; (56)
Γ(k) := 1k!e
a1 ^ : : : ^ eakΓa1:::ap ; (57)
is the generalized eld strength of Cq.
These kinetic terms can be written in a rst
order form (which is suitable for discussing the
relation with superspace approach, see [7,8]) if
one adds to every gauge q{form Cq an auxil-
iary antisymmetric tensor eld Fa1:::aq+1(x) =
F[a1:::aq+1](x). These elds can be used to con-
struct the (q+1){forms and the (D−q−1){forms
Fq+1  1(q+1)!eaq+1 ^ : : : ^ ea1 Fa1:::aq+1(x) ;(58)
FD−q−1 = e^(D−q−1)a1:::aq+1 F a1:::aq+1(x) ; (59)
which allow us to write the kinetic term(s) (54)
as
LD1 = c(Hq+1 − 12Fq+1) ^ FD−q−1 + : : : ; (60)
where the terms denoted by dots do not contain
F a1:::aq+1(x).
Indeed, the variation of F a1:::aq+1(x) leads to
the algebraic equation
Hq+1 − Fq+1 = 0 (61)
which identies the auxiliary eld F a1:::aq+1(x)
with the generalized eld strength of the tensor
gauge eld Ca1:::aq(x),
Fa1:::aq+1(x) = (q + 1)r[a1Ca2:::aq+1] + : : : =
= (q + 1)e1[a1 : : : e
q+1
aq+1]
@1C2:::q+1 + : : : ;
where the dots denote the terms with torsion and
fermions. Substituting eq. (61) into the La-
grangian form (60) one arrives at the standard,
second order approach, representation for the ki-
netic term of the gauge eld C1:::q(x), eq. (54).
On the other hand, varying (53), (60), with re-
spect to the gauge eld(s) C1:::q(x) one nds
G(D−q)  d(e^(D−q−1)a1:::aq+1 F a1:::aq+1) + : : : = 0 ; (62)
which, after the use of eq. (61), becomes the dy-
namical gauge eld equation.
For future reference we note that the equation
SD;SG=w
ab = 0 determines the ‘improved’ con-
straint on the spacetime torsion T a (cf. (6)),
T a + ie ^ eΓa = 0 ; (63)
while e and ea provide the dierential form
expression for the RS and Einstein equations of
supergravity
Ψ(D−1) := 4i3 De ^ e^(D−3)abc Γabc + : : : = 0 ; (64)
M(D−1) a := Rbc ^ e^(D−3)abc + : : : = 0 : (65)
For simplicity, we will not consider here the
cases where the supergravity multiplet involves
scalar and spinor elds. Thus our basic examples
are D = 3; 4 and 11 supergravity.





M(D−1)a ^ ea +








(Hq+1 − Fq+1) ^ e^(D−q−1)a1:::aq+1 F a1:::aq+1+
+c(−1)Dp ∫
MD
GD−q ^ Cq : (66)
5.3. Local supersymmetry, general coordi-
nate symmetry and Noether identities
The above rst order form of the supergravity
action (see [8]), eq. (53) with (49), (50) and (60),
is written in terms of dierential forms on MD
(including the covariant zero{forms Fa1:::aq+1(x))
and thus is invariant underMD{dieomorphisms,
dened by eqs. (20), (22) and the analogous ones
for e(x) etc.
The action of D-dimensional supergravity (53),
being a generalization of the EH general relativity
action, eq. (7), possesses local Lorentz invariance
(3) and general coordinate invariance under gc
(eqs. (23), (25)) or, equivalently, under its vari-
ational version ~gc (eq. (27)). Moreover, it is
invariant under local supersymmetry transforma-
tions ls(),
lsx
 = 0 ; (67)
lse
a(x) = −2ie(x)Γa(x) ; (68)
7lse
(x) = D(x) + (x)M1(x) ; (69)
lsCp+1(x) = 2c1e ^ Γ(p) (x) ; (70)
lsw
ab(x) =Wab1 (x)(x) ; (71)
lsF
a1:::aq+1(x) = Sa1:::aq+1 (x) ; (72)
where Sa1:::aq+1 (x) and the one{forms M1(x),
W1ab(x) are constructed from the elds of the
supergravity multiplet and the auxiliary elds
Fa1:::ap+2(x) (cf. (43), (45)).
Then, the experience of Secs. 3,4 allows one
to conclude (actually without any further calcu-
lations) that the general coordinate symmetry in
its variational form ~gc, eqs. (28), (29), and the
local supersymmetry ls, eqs. (67){(72), are re-
flected by Noether identities relating the l.h. sides
of the field equations only, namely
DΨ(D−1) − 2iM(D−1)a ^ eΓa + : : :  0 ; (73)
DM(D−1)a − : : :  0 ; (74)
where the terms denoted by dots turn out to be
proportional to the l.h. sides of eqs. (61){(64),
but not of the Einstein equation (65). For exam-
ple, for D = 4 N = 1 supergravity the full NIs
(73), (74) read
DΨ3− 2iM3a ^ eΓa −
−Γa De ^ (T a + ieγ ^ eΓaγ)  0 ; (75)
DM3a− 12 abcdR
bc ^ (T d + ie ^ eΓd)  0 :
To check that lsSD;SG = 0 (or ~gcSD;SG = 0)
implies (73) (or (74)) and viceversa it is sucient
to insert (67){(72) (or (28), (29)) in the general




MD (M(D−1)a ^ lsea −
−Ψ(D−1) ^ lse + : : :) =
= −(−1)D ∫
MD
(−2iM(D−1)a ^ eΓa +
+DΨ(D−1) + : : :) = 0: (76)
Then, one sees again (cf. Sec. 4) that the gauge
invariance of the action and the Noether identities
imply each other.
6. Supergravity in superspace
The local supersymmetry ls(), eqs. (67){
(72), has a structure which resembles that of the
variational copy of the general coordinate trans-
formations, ~gc(ta) (eqs. (23), (25)), but with a
fermionic parameter. The similarity can be rec-
ognized also from the structure of the Noether
identities, (73), (74). This is one more rea-
son for the existence of superspace (Djn) (origi-
nally introduced [14] in connection with global su-
persymmetry) with coordinates ZM = (x; ),
 = 1; : : : ; n, where, e.g. n = 2[D=2] for N = 1,
D 6= 10 and N = 2, D = 10. The holonomic or
coordinate basis for the cotangent superspace is
provided by dZM = (dx; d), while the general
unholonomic basis (with Spin(1; D − 1) indices
denoted by underlined greek letters) is dened by
the supervielbein forms 2
EA(Z) = (Ea(Z); E(Z)) = dZMEAM (Z) : (77)
The dierential geometry of spacetime can be
extended to superspace [6]. In particular, intro-
ducing the spin connection superform
wab = dZMwabM (Z) ; w
  14wabΓab ; (78)
one can dene superspace torsions and curvature
T a := DEa = dEa − Eb ^ w ab
:= 12E
A ^EBTBCa ; (79)
T := DE = dE − Ew
:= 12E
A ^ EBTBC ; (80)
Rab := dwab − wac ^ wcb
:= 12E
A ^EBRBCab ; (81)
as well as, when the supergravity multiplet con-
tains antisymmetric tensor gauge elds Cq(x), the
generalized eld strengths
Hq+1 := dCq − c1E ^ E ^ Γ(q−1) (82)
= 1(q+1)!E
Aq+1 ^ EA1HA1:::Aq+1(Z) ; (83)
Γ(k) := 1k!E
a1 ^ : : : ^ EakΓa1:::ap ; (84)
of the various gauge superforms
Cq := 1q!E
Aq+1 ^ : : : ^ EA1CA1:::Aq(Z) : (85)
2Such superforms, but depending on a Goldstone fermion
Θα(x) rather than on the superspace coordinate θβ , were
already used in [13].
86.1. Local supersymmetries of supergrav-
ity in superspace
The dierential forms on (Djn) are invariant
under arbitrary changes of coordinates, i.e. under
local superspace dieomorphisms,
ZM 7! ZM0 = ZM + bM (Z) ; (86)
EA(Z) 7! EA0(Z 0) = EA(Z) ; etc. ; (87)
for which (cf. (20), (21))
sdiffZ
M = bM (Z) ; (88)
sdiffE
A  0sdiffEA + LbEA = 0 ; etc. : (89)
The superspace local Lorentz transformation L,
with supereld parameter Lab(Z) = −Lba(Z), is
also a manifest symmetry of supergravity.
The superspace general coordinate transforma-
tions are dened by an arbitrary change of the
local superspace coordinates (as in (88)),
sgcZ
M = tM (Z) ; (90)
but, in contrast with (89),
sgcE
A = LtEA = DitEA + itTA +
+ EBitwBA ; (91)
itwB
A = tMwMBA ; itEA = tMEAM ; etc.
wB
A = diag(wba; w) : (92)
Using the superdieomorphism invariance, the
variational copy ~sgc [6] of sgc is dened by (cf.
(27))
~sgc(tA) = sgc(tM ) + sdiff (bM = −tM ) +
+ L(Lab = −itwab) ;
tA(Z) = itEA(Z)  tM (Z)EAM (Z) : (93)
Again ~sgc does not act on the superspace coordi-
nates (x; ), but acts on superforms as the Lie
derivative (cf. (29))
~sgcZM := 0 ; (94)
~sgcEA(Z) = dZM ~0sgcEAM (Z) :=
:= DtA + ECtBTBCA(Z) ; (95)
~sgcwab(Z) := EDtCRCDab(Z) : (96)
In particular, the fermionic part ~sgcf () of
~sgc, determined by the parameter tA(Z) =
(0; (Z)), ~sgcf ((Z)) = ~sgc(0; (Z)), can be
called superspace local supersymmetry. Its action
is given by
~sgcfZM := 0 ; (97)
~sgcfEa(Z) := ECTCa(Z) ; (98)
~sgcfE(Z) := D + ECTC(Z) ; (99)
~sgcfwab(Z) := EDγRγDab(Z) ; (100)
and is similar, albeit not identical, to the straight-
forward extension of the local supersymmetry
transformations ls (eqs. (68){(72)) to super-
space. We will see below that the desired iden-
tication of ~sgcf j=0 = ~sgcf ((x; 0)), with
ls((x)) appears when the superspace con-
straints are taken into account.
6.2. Superspace constraints
The unrestricted supervielbein and spin con-
nection contain a large amount of elds (mostly
unwanted). The supergravity multiplets can
be extracted from the supervielbein by impos-
ing covariant constraints on the superspace tor-
sions, curvature and the gauge superform eld
strengths. The main constraints have the form
T a = iE ^ EΓa ; (101)
Hq+1 := dCq − c1E ^E ^ Γ(q−1) =
= 1(q+1)!E
aq+1 ^ : : : ^ Ea1Fa1:::aq+1(Z) ; (102)
and can be derived as a straightforward extension
of the component, rst order form supergravity
eqs. (63), (61) to superspace. This fact is not ac-
cidental. It reflects the existence of the so{called
group manifold or ‘rheonomic’ approach to super-
gravity [7,8], which provides the bridge between
the component and supereld formalism (see also
Sec. 2 of [1] for a brief review).
6.3. Local supersymmetry of (D = 11) su-
pergravity constraints
After the constraints (101), (102) are taken into
account, the fermionic general coordinate trans-
formations ~sgcf simplify. In particular,
~sgcfZM = 0 ; (103)
~sgcfEa(Z) = −2iEΓa ; etc. (104)
9Now one can easily see that ~sgcfEaj=0 be-
comes identical to ~lsea, ~sgcfEaj=0 = ~lsea,
after the usual identication of the supergravity
forms with the leading components of superforms,
(Ea; E)j=0;d=0 = (ea; e), etc., is made.
To be specic, let us consider D = 11 super-
gravity [15] (a = 0; 1; : : : ; 10 ,  = 1; : : : ; 32).
Here the superspace constraints (101), (102),
T a = −iEγ ^ EΓaγ ; (105)
H4  dC3 − 12E ^ E ^ Γ(2) = (106)
= 14!E
c4 ^ : : : ^ Ec1 Fc1:::c4 ;
imply
T = 12E
b ^ EcT cb − 12Eb ^ ETb ; (107)
Tb





 ) ; (108)
Rab = −2iE ^ ET [aγΓb]γ +
+Ec ^ E(iT abΓc − 2iTc[ajΓjb]) +
+ 12E
d ^ Ec Rcdab : (109)
Using (105){(109), the superspace local super-
symmetry (97){(100) takes the form
~sgcfZM = 0 ; (110)
~sgcfEa = −2iEΓa(Z) ; (111)
~sgcfE = D(Z) + EbTb (Z) ; (112)




~sgcfwab = −4iE T([a γ Γb])γ (Z) +
+iEc(T ab Γc − 2Tc[a Γb]) : (115)
Setting  = 0, d = 0 in eqs. (111){(115), one
arrives at the on–shell version of the local super-
symmetry transformations characteristic of the
component supergravity action3 i.e., the actual
local supersymmetry transformation which leaves
3Alternatively, substituting θ˜(x) for θ in (111)–(115) one
obtains the on–shell version of the local supersymmetry
transformations characteristic of the group manifold or
rheonomic action for D=11 supergravity [8].
the action invariant diers from the pull{backs of
(111){(115) to MD by terms which vanish on the
mass shell 4.
The discussion of the previous section suggests
the following observation. The same transfor-
mation rules for superelds (superforms), (111){
(115) appear for the original form of the fermionic
general coordinate transformations with
sgcfZ











a = −2iEΓa(Z) ; (117)
sgcfE
 = D(Z) + EbTb (Z) ; (118)





ab = −4iE T([a γ Γb])γ (Z) +
+iEc(T ab Γc − 2Tc[a Γb]) : (121)
Thus the D = 11 superspace constraints are in-
variant under both sgcf and ~sgcf . This reflects
the superdieomorphism invariance (86){(89) of
forms.
7. Local supersymmetry and –symmetry
of a superbrane in a supergravity back-
ground
To see why a full account of the local gauge
symmetries in supergravity can be relevant, let us
now consider the standard description of a super{
p{brane moving in a supergravity background 5.
Consider, e.g. the supermembrane (M2{brane)
in the D = 11 supergravity background dened





3!  E^a ^ E^a − C^3(x^; ^) ; (122)
4Note that the restoration of such terms is an involved
technical problem. However, the use of the second Noether
theorem can simplify the proof of the local supersymmetry
of the action, as it allows to work with equations of motion
instead of the general variation.
5Such description could be regarded as the background
field approximation to a fully dynamical description of
supergravity—super-p-brane system based on a coupled




E^a = dZ^M ()E aM (Z^) = d
i@iZ^
ME aM (Z^) ;(123)
C^3 = 13!dZ^
M3 ^ : : : ^ dZ^M1CM1M2M3(Z^) ;(124)
are the pull{backs ^(Ea), ^(C3) of the su-
pervielbein and gauge eld superforms on the
(11j32) superspace by the map
^ : W 3 ! (11j32) ; ^ : i 7! Z^M () ; (125)
so that Z^M = Z^M () etc. As supergravity
is treated as a background, the set of dynami-
cal variables includes only the local supercoordi-
nate functions Z^M () = (x^(); ^()), which de-
ne the worldvolume as a surface in superspace,
fZM 2 (11j32) j ZM = Z^M ()g. Hence the basic
variations, Z^M (), can be recognized as a coun-
terpart of superspace general coordinate trans-
formations (90), (91), and can be split into the
bosonic and fermionic parts
iE^
a  Z^M ()E^aM (Z^()) ;
iE^
  Z^M ()E^M (Z^()) : (126)
Taking into account the constraints, one nds
that the fermionic variations of the supercoordi-
nate functions, f Z^M (), dened by (cf. (116))
if E^
a = 0 ; if E^
 6= 0 ;
, f Z^M () = if E^()EM (Z^()) ; (127)
lead to
f E^
a = −2iE^Γaif E^ ; (128)
f C^3 = E^ ^ ^Γ(2) if E^ (129)
(cf. (116), (117), (119), where the ro^le of (Z)


























is the well known matrix satisfying trγ = 0, γ2 =
I, that enters in the M2-brane –symmetry pro-
jector 12 (1 + γ) [16]. Thus, for if E^
 = iκE^ :=
(1 − γ)() we nd S11;2 = 0, which ex-
presses the fundamental {symmetry of the su-
permembrane [16].
We see that when computing the fermionic
variation f (eqs. (127), (128), (129)) of the su-
permembrane action we actually perform a su-
perspace fermionic general coordinate transfor-
mation sgcf , eqs. (116){ (119), pulled back to
W 3: (sgcf ) = f . The variation f pro-
duces the superbrane equations of motion on W 3,
^ := E^a ^ E^ (Γa(I − γ)) = 0. Thus, the
whole variation f is not a local symmetry of the
dynamical system including the superbrane (oth-
erwise, the brane dynamics would be trivial in the
‘fermionic’ directions). However, this fermionic
equation becomes an identity when multiplied by
(1 + γ) , i.e. ^(1 + γ)  0. This is the Noether
identity (Sec. 4, 5.3) for {symmetry. On the
other hand, as (sgcf ) = f , this means that the
breaking of sgcf by the supermembrane is par-
tial and that the part of sgcf preserved on W 3 is
given by the {symmetry transformations. More-
over, as the brane action possesses manifest local
Lorentz and dieomorphism invariances, we can
use (27) to conclude that fS11;2  sgcfS11;2 is
equal to ~sgcfS11;2. Hence ~sgcfS11;2 = 0 for the
supereld supersymmetry transformations (110){
(113) with the parameter restricted on W 3 to be
of the form (Z^) = (1 − γ)(), and we can
state that {symmetry is just the part of the local
supersymmetry which is preserved by the brane
action6.
8. Concluding remarks
The above considerations indicate that
i) The {symmetry of the superbrane in the su-
pereld supergravity background is the part of
the supereld local supersymmetry characteristic
of the supergravity constraints which is not bro-
ken by the presence of the superbrane.
ii) In any complete Lagrangian description of the
supergravity|superbrane coupled system which
includes the standard superbrane action, the lo-
6See e.g. [17] for the relation between the local super-
symmetry preserved by the bosonic brane solutions of the
supergravity equations and the κ–symmetry of the effec-
tive superbrane actions.
11
cal supersymmetry will be partially broken. Any
coupled action describing both supergravity and
the superbrane will possess not more than 1=2
of the local supersymmetry characteristic of the
‘free’ supergravity action.
iii) As the superbrane action is written in terms
of pull{backs of superspace dierential forms and,
possibly, the worldvolume Hodge star operator,
the complete coupled action evidently possesses
superdieomorphism symmetry sdiff .
iv) As the supereld local supersymmetry can
be equivalently considered as originated either
from the superspace general coordinate transfor-
mations sgcf , (116){(121), or from their varia-
tional copy ~sgcf , (110){(115), we conclude that
the coupled system of supergravity and bosonic p-
brane should possess 1=2 of the local supersym-
metry characteristic of the free supergravity, if
the bosonic p-brane appears to be the ^() = 0
‘limit’ of a superbrane [2].
We hope to return to these points in forth-
coming publications.
Acknowledgments
This work has been partially supported by re-
search grants from the DGICYT (# PB 96-0756),
Ucrainian FFR (# 383), INTAS (# 2000-254)
and from the Junta de Castilla y Leon.
REFERENCES
1. I.A. Bandos, J. A. de Azcarraga, J. M.
Izquierdo and Jerzy Lukierski, Phys.Rev.
D65, 021901(R) (2002) [hep-th/0104209].
2. I.A. Bandos, J. A. de Azcarraga and J.
M. Izquierdo, Supergravity interacting with
bosonic p-branes and local supersymmetry,
[hep-th/0112207].
3. R. Altendorfer, J. Bagger, D. Nemeschan-
sky, Phys.Rev.D63, 125025 (2001) [hep-
th/0003117];
J. Bagger, F. Feruglio and F. Zwirner,
Brane-induced supersymmetry breaking,
[hep-th/0108010] and refs. therein.
4. E. Bergshoe, R. Kallosh and A. Van
Proeyen, JHEP 0010, 033 (2000) [hep-
th/0007044]; Fortschr. Phys. 49, 625-632
(2001) [hep-th/0012110].
5. E. Bergshoe, R. Kallosh, T. Ortn, D. Roest
and A. Van Proeyen, Class. Quant. Grav. 18,
3359-3382 (2001) [hep-th/0103233];
R. Kallosh, S. Prokushkin and M. Shmakova,
JHEP 0107, 023 (2001) [hep-th/0107097].
6. J. Wess and B. Zumino, Phys. Lett. B74,
51-53 (1978).
7. Y. Ne’eman and T. Regge, Gauge theory of
gravity and supergravity on a group manifold,
Riv. Nuovo Cim. 1, #5, 1{43 (1978).
8. L. Castellani, R. D’Auria and P. Fre, Su-
pergravity and superstrings, a geometric per-
spective, vol. 1,2. World Sci. 1991, and refer-
ences therein.
9. R. Utiyama, Phys. Rev 101, 1597-1607
(1956);
T.W.B. Kibble, J. Math. Phys. 2, 212-221
(1961).
10. F. Berezin, Sov. J. Nucl. Phys. 29, 857{866
(1979); A.V. Gaiduk, V.N. Romanov, A.S.
Schwarz Commun. Math. Phys. 79, 507{528
(1981); see also
D.V. Volkov, Sov. J. Part. and Nuclei 4, 3{41
(1973) and
C. Chryssomalakos, J.A. de Azcarraga, J.M.
Izquierdo and J.C. Perez Bueno, Nucl. Phys.
B567, 293{330 (2000) [hep-th/9904137].
11. S. Ferrara, D.Z. Freedman and P. van
Nieuwenhuizen, Phys. Rev. D13, 3214-3218
(1976).
12. P. Van Nieuwenhuizen, Supergravity, Phys.
Rept. 68, 189-398 (1981).
13. D.V. Volkov and V.A. Soroka, JETP Lett.
18, 312{313 (1973);
V.P. Akulov, D.V. Volkov and V.A. Soroka,
JETP Lett. 22, 396-399 (1975).
14. A. Salam and J. Strathdee, Nucl. Phys. B76,
477-482 (1974) , Phys. Rev. D11, 1521-1535
(1975).
15. E. Cremmer and S. Ferrara, Phys. Lett. B91,
61{66 (1980);
L. Brink and P. Howe, Phys. Lett. B91, 384{
386 (1980);
R. D’Auria and P. Fre, Nucl. Phys. B201
(1982) 101{140 [(E) ibid. B206, 496 (1982)];
Phys. Lett. B121, 141{146 (1983).
12
16. E. Bergshoe, E. Sezgin and P.K. Townsend,
Phys. Lett. B189, 75{78 (1987); Ann. Phys.
(N.Y.) 185, 330{368 (1988).
17. E. Bergshoe, R. Kallosh, T. Ortn and
G. Papadopoulos, Nucl.Phys. B502, 149-169
(1997) [hep-th/9705040].
